Abstract-In this paper, a new differential space-time modulation (DSTM) scheme for 4×4 multiple input multiple output (MIMO) systems is proposed. This scheme is used for MIMO systems where the channel coefficients are not available at both the transmitter and the receiver. The transmission matrices used in this scheme belong to the Weyl group. Simulation results show that this new scheme with four transmit antennas outperforms the well-known Tarokh's differential space-time block coding (DSTBC) scheme. The spectral efficiency of this scheme can be up to 3 bit/s/Hz.
I. INTRODUCTION
In the late 1990s, due to the large demands of wireless spectral resources, researchers resort to multiple antennas to increase the capacity and robustness of wireless communication systems. Huge amounts of studies have been carried out in this domain. References [1] and [2] analyzed the capacity and the error exponents of such systems in the presence of Gaussian noise and got some fundamental theoretical results. When the throughput is not too high, the estimation of the channel coefficients can be performed easily. Consequently, several schemes with known channel state information (CSI) have been widely analyzed.
In practice, knowledge of the channel is often obtained via training, using signals which are periodically transmitted. However, it is not always feasible or advantageous to use training-based schemes, especially when many antennas are used or when the propagation channel changes rapidly. With multiple input multiple output (MIMO) systems, the number of channels to estimate is equal to the product of the number M of transmit antennas by the number N of receive antennas. Furthermore, the length of the resulting training sequence grows proportionately with the number M of transmit antennas [3] , which in turn reduces the overall system throughput. Therefore, solutions that do not require channel information are very interesting in such cases, specifically when the number of transmit and receive antennas are very large.
Marzetta and Hochwald [4] analyzed the capacity of the MIMO systems without CSI. Based on the results, they proposed the unitary space-time modulation scheme (USTM) [5] . In succession, motivated by the single antenna differential phase-shift keying (DPSK) systems, Hochwald and Sweldens proposed the differential unitary space-time modulation scheme (DUSTM) [6] . These two schemes are difficult to design, and furthermore there are not general design criteria for these two schemes. At the same time, Tarokh and Jafarkhani presented a differential space-time block coding (DSTBC) scheme [7] which is based on Alamouti's diversity scheme [8] , and soon they expanded this scheme to systems with 4 transmit antennas [9] . This scheme is suitable for MIMO systems with less than 4 transmit antennas and the spectral efficiency is limited to 1 bit/s/Hz. Hughes also designed a differential space-time modulation scheme in [10] . In [11] - [12] , authors invented a new kind of non-coherent space-time modulation scheme-matrix coded modulation (MCM) which is suitable for 2 2  MIMO systems. In the study of the MCM scheme, we found that the group used in this scheme can be also used for differential MIMO schemes.
In this paper, we propose a new kind of differential space-time modulation scheme which is suitable for MIMO systems with 4 transmit antennas. The simulation results demonstrate the advantages of this new scheme over Tarokh's DSTBC scheme. Furthermore, the modulation of Tarokh's scheme with 4 transmit antennas can only be BPSK [9] , which prevents the scheme to expand to higher spectral efficiency. Our scheme with four transmit antennas can be extended to a spectral efficiency up to 3 bit/s/Hz (defined in section II).
The following notations are used through the paper:  is the power of the noise. We denote the spectral efficiency of the system as expressed in bit/s/Hz.
In this paper, we assume that the channel coefficients are constant during L symbols. Therefore, we ignore the index  of the matrix  H and the channel matrix is written as H . Furthermore, we assume a normalized power over M transmit antennas:
As proved in [4] , for non-coherent MIMO systems, for any block length T, any number N of receive antennas and any SNR (signal to noise ratio), the capacities obtained with
A. The classic Tarokh's DSTBC scheme
Using DPSK modulation and Alamouti's transmit diversity scheme [8] , Tarokh and Jafarkhani proposed a differential space-time block code [7] . The transmission matrices of Alamouti's scheme have the form:
where the symbols
To expand Alamouti's scheme to differential scheme, Tarokh and Jafarkhani resorted to the orthonormal basis representation.
The differential space-time encoding procedure is shown as follows. 2b information bits arrive at the encoder, the first b bits are mapped onto an 2 b -PSK symbol 1 a and the other b bits are mapped onto 2 a . The symbols 1 a and 2 a are then transformed to the differential coefficients 1 v and 2 v via a unitary matrix:
We can verify that 1 
The transmission matrix at time  can thus be written as:
where
is a unitary matrix, i.e. the inverse of the matrix is equal to the conjugate transpose of the matrix. All the possible matrices  V form the set P. There is a one-to-one map from all the possible 2b information bits to the matrices of the set P.
At the receiver side, the received matrix at time  is:
To get the transmitted information bits, we need to estimate the pair of coefficients   , which is equivalent to estimate  V . Thus, the maximum likelihood demodulation is:
Once the unitary matrix  V is got, the inverse mapping is applied and the 2b information bits can be recovered.
However, the references [7] and [9] didn't use this maximum likelihood decoding method. They proposed a linear decoding scheme due to the special structure of Alamouti's scheme. The variable V which is used to decode is linearly scaled by the channel coefficients due to some computations. This method makes the error performance better than the maximum likelihood demodulation based on (9).
III. NEW DIFFERENTIAL SPACE-TIME MODULATION SCHEME

A. The constellation of the new scheme
In our scheme, the transmitted matrices are based on the Weyl group w G used in [11] - [12] 
Remind that, there are 192 matrices in this group. We number the matrices as 
is transmitted. Relation (13) is the fundamental differential transmission relation.
Therefore, the sequence of transmitted matrices is:
C. Differential reception for MIMO systems with 2
transmit antennas At the receiver side, the antennas received a matrix stream
Based on the differential transmission relation (13) and (14), we obtain
Therefore, to estimate the information matrix, the maximum likelihood demodulator is 
D. MIMO systems with 4 transmit antennas
To design a MIMO system with 4 transmit antennas, the 2 2  Weyl group is not applicable. We use the Kronecker product to expand the group.
The Kronecker product of two arbitrary matrices A and B is defined as:
where A is an m × n matrix, B is a p × q matrix and the resulting matrix is an mp × nq matrix. In general,
(the Kronecker product is not commutative). The Kronecker product has the properties:
is invertible if and only if A and B are invertible:
2) The operation of transposition is distributive over the Kronecker product: 
The constellation of the modulation of this scheme (i.e.
the possible values of the matrices' elements) is   0 , , 1 i   which corresponds to 4-PSK  0, and the spectral efficiency is 1bps/Hz. For comparison, the 4×4 DSTBC scheme [12] with BPSK modulation has the same spectral efficiency. However, this new scheme has better BER performance. 
IV. SIMULATION RESULTS
In this section, we present the simulation results of the new differential space-time modulation scheme compared to some existing differential space-time modulation schemes. We assume that the channel is quasi-static, i.e. the channel coefficients do not change during one frame of transmission matrices. In our simulation, the length of the frame is 100  L (i.e. the channel coefficients are constant during 100 symbol durations and change to new independent realizations for the next frame). Fig. 1 shows that, for MIMO systems with 2 transmit antennas, our new scheme performs worse than the scheme Tarokh DSTBC M2N2 [7] . This is because the decoding method of our scheme is a general maximum likelihood decoding without any pre-process, while the variable used to decode in [7] is linearly scaled by the channel coefficients due to some pre-process. However, this new scheme performs better than the corresponding DUSTM scheme [6] when SNR is less than 14dB. This is because the DUSTM is designed for large SNR environments.
For 4 transmit antenna systems, this new system performs better than the original Tarokh DSTBC M4N4 [9] . Compared to [9] , 0.57 dB gain is obtained for a bit error rate (BER) equal to 10 -4 . However, for large SNR values, the DUSTM scheme has slightly better performance compared to the new differential scheme. Fig. 2 shows the BER performance of the new scheme with different spectral efficiencies. It shows that with the spectral efficiency up to R = 3 bit/s/Hz, the new scheme performs well enough. However, Tarokh's DSTBC scheme can't be expanded to 2 b -PSK (2 b ≥ 4) modulations, which prevent it to achieve higher spectral efficiency. The gap from the curve R = 1 to the curve R = 2 is quite large. Indeed, for these simulations, the selection of the candidate transmission matrices is arbitrary. This suggests us to study the distance spectrum of the matrices of w G and 4 w G in order to select the best set of candidate transmission matrices.
V. CONCLUSION
In this paper, a new differential space time modulation scheme based on the Weyl group is proposed for 4×4 MIMO systems. Simulation results show that this scheme outperforms the well-known Tarokh's differential STBC scheme. The spectral efficiency of this scheme can be increased up to 3 bit/s/Hz, so higher than 1 bit/s/Hz of Tarokh's DSTBC scheme with four transmit antennas.
Furthermore, as in [13] - [15] , the performance of this new differential scheme can be improved by selecting the set of transmission matrices having the best distance spectrum. The new scheme can be extended to MIMO systems with more transmit antennas (8 or 
